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Outline

Time Petri nets (TPNs)

Timed automata (TA)

(Timed) temporal logics: CTL � , CTL , TCTL

Veri�cation methods for TPNs: state class approaches

From TPNs to TA

Veri�cation methods for TA: partitioning and SAT-based
approaches

Experimental results for verifying TPNs directly and
TPNs via TA
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Some histor y

Timed extensions of Petri nets:

Timed Petri nets [Ramchandani'74]

Time Petri nets [Merlin, Farber'76]

Timed extensions of automata theory:

Timed automata [Alur,Dill'90]

Hybrid automata
[Alur, Courcoubetis, Henzinger, Ho'93; Nicollin, Olivero, Sifakis, Yovine'93]
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Time Petri nets - an example
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Time Petri nets - de�nition

A time Petri net (TPN): N = (P; T; F R; Ef t; Lf t; m0),
where

P = f p1; : : : ; pnP g - a �nite set of places,

T = f t1; : : : ; tnT g - a �nite set of transitions,

F R � (P � T) [ (T � P) - the �o w relation,

Ef t : T ! IN, Lf t : T ! IN [ f1g - the earliest and the
latest �r ing time of the transitions; Ef t(t) � Lf t(t),

m0 � P - the initial marking of N .
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TPNs - some de�nitions

� t = f p 2 P j (p;t) 2 F Rg - a preset of t 2 T,

t� = f p 2 P j (t; p) 2 F Rg - a postset of t 2 T,

a marking of N - any subset m � P,

a transition t 2 T is enabled at m (m[ti for short) if
� t � m and t � \ (m n � t) = ; ,

en(m) = f t 2 T j m[tig .
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Concrete states of TPNs:

cloc k approach

A concrete state of a net - a pair � = (m; clock), where
m - a marking, clock - values of clocks.

� 0 = (m0; (0; : : : ; 0)) - an initial state

Clocks can be associated with:

transitions, places, or processes of a distributed net.

Concrete states change because of:

�r ing of a transition (� t! c� 0, t 2 T),

passing some time which does not disable any enabled
transition (� �! c� 0).

Discrete transition relation: � t! d � 0 iff � � �

! c
t! c

� �

! c � 0, t 2 T
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Concrete states of TPNs:

�ring inter val approach

A concrete state of a net - a pair � F = (m; f ), where
m - a marking, and f - �r ing interval function assigning to
each t 2 en(m) the timing interval in which t can �re .

(� 0)F = (m0; f 0) - an initial state,
where f 0(t) = [Ef t(t); Lf t(t)] for all t 2 en(m0)

Concrete states change because of:

�r ing of a transition (� F t! d � 0F , t 2 T).
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Concrete models for TPNs

� - a set of all the concrete states of N

PV = f } p j p 2 Pg - a set of propositional variables

Vc : � ! PV - a valuation function s.t.
Vc((m; �)) = f } p j p 2 mg

Mc(N ) = (( � ; � 0; ! ); Vc), where ! 2 f ! c; ! dg
- a concrete model of N (usuall y in�nite )
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Zones

X = f x1; : : : ; xng - a set of variables (clocks).

Zone - each convex polyhedron in IRn which can be
described by a �nite set of inequalities of the form xi � c or
xi � xj � c, where �2 f� ; <; >; �g and c 2 IN.

Z (n) - the set of all the zones in IRn
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Timed automata - an example

out

x-y<=500x<=500

x<=500

exit
x <= 500

x := 0
10

3 2

approach

in
x >= 300
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Timed automata - de�nition

A timed automaton A is a tuple (A; L; X ; l0; E ; I ), where:

A - a �nite set of actions;

L - a �nite set of locations;

X = f x1; : : : ; xng - a �nite set of clocks;

l0 2 L - an initial location;

E � L � A � Z (n) � 2X � L - a transition relation;

I : L ! Z (n) - a location invariant.

To reason about proper ties:

VA : L ! 2P V - a valuation function
for a set of propositional variables PV.
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Concrete states of TA

A concrete state of A is a pair q = (l ; v), where
l 2 L, and v 2 IRn.

q0 = (l0; (0; : : : ; 0)) - the initial state

Concrete states can change because of:

a transition between locations (q e! cq0, e 2 E),

passage of time (q �! cq0).

Discrete transition relation:

q e! dq0 iff q � �

! c
e! c

� �

! c q0, e 2 E
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Concrete models for TA

Q - a set of all the concrete states of A

PV - a set of propositional variables

Vc : Q ! PV - a valuation function which extends VA

Vc((l ; �)) = VA (l) (assigns the same propositions to the
states with the same locations)

Mc(A ) = ((Q; q0; ! ); Vc), where ! 2 f ! c; ! dg
- a concrete model of N (usuall y in�nite )
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Abstract models

Ma = ((W; w0; ! ); V) - an abstract model for a concrete
model M c = ((S; s0; ! ); Vc)

each node w 2 W is a set of states of S and s0 2 w0,

V(w) = Vc(s) for each s 2 w,

EE) w1
b! w2 if (9s1 2 w1) (9s2 2 w2) s.t. s1

b! s2.

b

b b

b
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Other conditions depend on the properties to be preserved.
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Examples of abstract models

Surjective models:

EA) w1
b! w2 iff (8s2 2 w2) (9s1 2 w1) s1

b! s2.
b1

b1b1

b2

b2
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Bisimulating (b-) models:

AE) w1
b! w2 iff (8s1 2 w1) (9s2 2 w2) s1

b! s2.
b1

b1b1 b2 b2

b2
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Examples of abstract models - cont' d

Simulating (s-) models:
for each w 2 W there is a nonempty wcor � w s.t.

s0 2 (w0)cor , and

U) w1
b! w2 iff (8s1 2 wcor

1 ) (9s2 2 wcor
2 ) s1

b! s2.
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Temporal logics: CTL*

PV = f } 1; } 2 : : :g - a set of propositional variables.

Syntax of CTL � :
the state formulas ' s, de�ned using path formulas ' p:

' s := } j : } j ' s ^ ' s j ' s _ ' s j A' p j E' p

' p := ' s j ' p ^ ' p j ' p _ ' p j X' p j ' pU' p j ' pR' p

A ('for all paths') and E ('there exists a path') are path
quanti�ers ,

X ('neXt'), U ('Until'), and R ('Release') are state operators.
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Temporal operator s of CTL

. . .

s

s j= AX'

. . .
s j= A(' U )

s

. . .

s

s j= A(' R )

' ^  '

 : ' ^ :  
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Temporal logics: TCTL

PV = f } 1; } 2; : : :g - a set of propositional variables.

Syntax of TCTL :
the formulas de�ned by the grammar:

' := } j : ' j ' _ ' j ' ^ ' j E(' UI ' ) j E(' RI ' );

where } 2 PV and I is an interval in IN.
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Temporal operator s of TCTL

time31 20
s

 '

[2; 3]

s j= E(' U[2;3] )

time31 20
s

 
s j= E(' R[2;3] )

 ^ '

[2; 3]

time31 20
s

[2; 3]

s j= E(' R[2;3] )
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Direct approaches

to building �nite models for TPNs

A state class of a TPN is a pair C = (m; I ), where m is a
marking, and I is a set of inequalities built over variables
corresponding to transitions.

(m; clock(t1) = 0)

(m; clock(t1) = 0:1)

(m; clock(t1) = 0:55)
(m; clock(t1) = 0:9)

(m; f (t1) = (0:5; 1))

(m; f (t1) = [0; 1))

(m; f (t1) = [1; 1])

C = (m; f 0 � t1 � 2g)C = (m; f 0 � t1 � 2g)

State classes can be de�ned for both the clock and �r ing

intervals approach.
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Abstract models of timed systems

TPN TA

surjective models (LTL, reachability)

b-models, discrete semantics (CTL*)
b-models, dense semantics (CTL�

� X , TCTL)
s-models, discrete semantics (ACTL*)
s-models, dense semantics (ACTL�

� X , TACTL)
pb-models (reachability)
ps-models (reachability)
detailed region graph (CTL*� X , TCTL)

TPN: State Class Graph (SCG): Berthomieu, Menasche (IFIP WCC'83), Berthomieu, Diaz 1991,

Strong SCG: Berthomieu, Vernadat (TACAS'03), Geometric Region Graph: Yoneda, Ryuba 1998,

Gardey, O. H. Roux, O. F. Roux (FORMATS'03) and others

TA: Bouajjani, Tripakis, Yovine (RTSS'97)
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� X , TACTL)
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TPN: Atomic SCG - Yoneda, Ryuba 1998, Strong Atomic SCG - Berthomieu, Vernadat (TACAS'03)

TA: � Alur, Courcoubetis, Dill, Halbwachs, Wong-Toi (CONCUR'92), Dembiński, Penczek, Pó�rola
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Abstract models of timed systems

TPN TA

surjective models (LTL, reachability)

b-models, discrete semantics (CTL*)

b-models, dense semantics (CTL�
� X , TCTL)

s-models, discrete semantics (ACTL*)

s-models, dense semantics (ACTL�
� X , TACTL)

pb-models (reachability)
ps-models (reachability)
detailed region graph (CTL*� X , TCTL)

TPN: Pseudo-Atomic SCG - Penczek, Pó�rola (ICATPN'01)

TA: Dembiński, Penczek, Pó�rola 2002
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Abstract models of timed systems

TPN TA

surjective models (LTL, reachability)

b-models, discrete semantics (CTL*)

b-models, dense semantics (CTL�
� X , TCTL)

s-models, discrete semantics (ACTL*)

s-models, dense semantics (ACTL�
� X , TACTL)

pb-models (reachability)

ps-models (reachability)
detailed region graph (CTL*� X , TCTL)

TPN:

TA: Pó�rola, Penczek, Szreter 2002
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Abstract models of timed systems

TPN TA

surjective models (LTL, reachability)

b-models, discrete semantics (CTL*)

b-models, dense semantics (CTL�
� X , TCTL)

s-models, discrete semantics (ACTL*)

s-models, dense semantics (ACTL�
� X , TACTL)

pb-models (reachability)

ps-models (reachability)

detailed region graph (CTL*� X , TCTL)

TPN:

TA: Pó�rola, Penczek, Szreter (FORMATS'03)

ATPN'04, Invited talk , Bologna, June 2004 – p.23/47



Abstract models of timed systems

TPN TA

surjective models (LTL, reachability)

b-models, discrete semantics (CTL*)

b-models, dense semantics (CTL�
� X , TCTL)

s-models, discrete semantics (ACTL*)

s-models, dense semantics (ACTL�
� X , TACTL)

pb-models (reachability)

ps-models (reachability)

detailed region graph (CTL*� X , TCTL)

TPN: Okawa, Yoneda 1997, Virbitskaite, Pokozy 1999

TA: Alur, Courcoubetis, Dill (LISC'90)
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Verifying TPNs via a translation to TA

To adapt TA-speci�c veri�cation methods to TPNs, we
need:

clocks

locations and invariants

guards and resets.
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“Transitions–as–c loc ks” approach

clock_t1<2

clock_t2<3

1<clock_t1<2

1<clock_t1<2

0<clock_t2<3

0<clock_t2<3

clock_t1<2 clock_t2<3

clock_t4<0

clock_t5<2

clock_t5<2

1<clock_t3<2

0<clock_t4<0
0<clock_t4<0

1<clock_t5<2

1<clock_t5<2

clock_t4<0

t1 p7

[0,0]

t4

t5t2

[0,3]

[1,2]

[1,2]p6p4p2 p8

p5p3p1

t3 [1,2]

{p1,p2}

t2

t1 {p2,p3}

{p1,p4}

{p3,p4}

t1 clock_t3<2

t2
clock_t3:=0

clock_t3:=0

{p5,p6}t3

clock_t4:=0
clock_t5:=0

{p6,p7} {p7,p8}

t4

t5

t4

t5

{p5,p8}
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“Places–as–c loc ks” approach

1<clock_p1<2

clock_p2<3

1<clock_p1<2

clock_p3<2

clock_p6<2

clock_p5<0

0<clock_p2<3

0<clock_p2<3

1<clock_p1<2

clock_p4<2

1<clock_p4<2

1<clock_p3<2

1<clock_p3<2

1<clock_p4<2

1<clock_p5<2

1<clock_p5<2clock_p6<2

0<clock_p6<0

0<clock_p6<0

t1 p7

[0,0]

t4

t5t2

[0,3]

[1,2]

[1,2]p6p4 p8

p5p3p1

t3 [1,2]

{p1,p2}

{p1,p4} {p3,p4}

p2

clock_p1<2

0<clock_p2<3
t2

clock_p4:=0

clock_p1<2

clock_p2<3

clock_p3:=0
t1

t2clock_p3:=0
t1

t2

{p3,p4}{p2,p3}

{p5,p6}
clock_p4:=0

clock_p4:=0

clock_p3:=0

t1
clock_p3>2 clock_p3>2

t3

t3

clock_p6:=0
clock_p5:=0

clock_p6:=0
clock_p5:=0

t3
clock_p5:=0

clock_p6:=0

t3
clock_p3>2

clock_p5:=0
clock_p6:=0

{p5,p8}

clock_p8:=0

t5

{p6,p7} {p7,p8}

t5

clock_p8:=0

clock_p5<0

clock_p7:=0

clock_p7:=0

t4

t4
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Other translations TPN ! TA

Sifakis, Yovine (STACS'96)
translating time stream Petri nets (TSPNs) to TA with disjunctions of clock

constraints. TPNs are a subclass of TSPNs

Cortés, Eles, Peng (RTCSA'02)
translating extended TPNs (called PRES+ models) to a network of (extended) TA,

exploiting “clusters” (sets of sequentially enabling transitions)

Lime, Roux (PNPM'03)
translation based on building SCG for the net (“state class automaton”)

Gu, Shin (DIPES'02), Cassez, Roux (MSR'03)
translations to TA with shared variables and urgency modelling
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Partitioning algorithms

� � 2S - a partition of the state space S into classes

for TA, classes are represented by (location;zone;� � �)
(additional components depend on the kind of the model to be built)

The partitioning (minimization) algorithms generate models
whose states are classes of a partition:

start from an initial partition � 0 of the state space,

successively re�ne the partition until all the classes of
� satisfy an appropriate condition (AE, EA, U, ...).
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Partitioning algorithm: how it works

(an example for b-models)

a a

b c
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Partitioning algorithm: how it works

(an example for b-models)
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...and how par titioning works for

s-models

X

Y

e

X

Y

e

X

Y

e

X

Y

e

pseudo-e-stable pseudo-e-unstable semi-e-unstable e-unstable

X

Y

e

Y

X

X

e

1

2

X

Y Y

e

21

X2

X1

Y Y21

e

modify X cor split bX split bY and modify X cor split bX and bY
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Symbolic data structures

Difference Bound Matrices (DBM) [Dill'89] - for
representing state classes of TPNs or regions of TA.

Clock Difference Diagrams (CDD) [Behrmann et al.'99]
Clock Restriction Diagrams (CRD) [Wang'00],
Difference Decision Diagrams (DDD) [Mùller et al.'99] -
for representing sets of regions.

Propositional Logic (PL) - for representing sets of
detailed regions.
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Detailed zones and regions

cmax - the largest constant used in A

Detailed zones - the equivalence classes of the zone
equivalence relation ' in the set of the clock valuations.

The set of all the detailed zones is denoted by DZ(n).
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by transition s
x 1 :=0
� ! s0

(l ; Z ) - a detailed region, where l 2 L and Z 2 DZ(n).
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Detailed zones and regions

cmax - the largest constant used in A

Detailed zones - the equivalence classes of the zone
equivalence relation ' in the set of the clock valuations.

The set of all the detailed zones is denoted by DZ(n).
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Detailed zones and regions

cmax - the largest constant used in A

Detailed zones - the equivalence classes of the zone
equivalence relation ' in the set of the clock valuations.

The set of all the detailed zones is denoted by DZ(n).
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(l ; Z ) - a detailed region, where l 2 L and Z 2 DZ(n).
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Detailed zones and regions

cmax - the largest constant used in A

Detailed zones - the equivalence classes of the zone
equivalence relation ' in the set of the clock valuations.

The set of all the detailed zones is denoted by DZ(n).
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BMC: exploiting a par t of the model

k

Selecting submodels of the k-model
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Discretization scheme

[Asarin, Bozga, Kerbrat, Maler, Pnueli, Rasse, ”Data-Structures for the

Veri®cation of Timed Automata” ]
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Discretizing [0; 1)2:
the circle points are the elements of the discretization.
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Discretization

A - a timed automaton with n clocks

� = 1
m as a discretization step, where m = 2dlog2(2�n)e

D = f l � � j 0 � l � � < 2 � cmax + 2g - the set of
discretized values, and

E = f l � � j 0 � l � � < cmax + 1g - the set of labels.

The discrete representatives:
U= f u 2 Dn j (8x 2 X )(9l 2 IN)u(x) = 2l � _

(8x 2 X )(9l 2 IN)u(x) = (2l + 1)� g
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"SMAR T" discretiz ed region graph

for TA

Discrete abstract model for a timed automaton:

DM (A) = ((S; (l0; (0; : : : ; 0)); � ! ); V)

where S = L � U is the set of states,
and the transition relation � ! has two types of transitions:

ºSMARTº time transitions
(the transitive closure of timed steps)

ºSMARTº action transitions
(action steps combined with 'adjust' steps to remain
within U).
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Special k-paths

A special k-path is a �nite sequence � = hu0; � � � ; uk i of
states of DM (A) such that

u0 = (l0; (0; : : : ; 0)) is the initial state of DM (A),

ui � ! ui +1 for each 0 � i < k,

the transition u0 � ! u1 is a time transition,

each time transition is followed by an action transition,

each action transition is followed by a time transition.

(l0; (0; : : : ; 0))
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Checking reachability

Each state (l ; (v1; : : : ; vn)) is represented by a vector
ui = (ui; 1; : : : ; ui;m ) of propositional variables, where m
depends on the number of locations, clocks, and cmax .

udp(u) - a propositional formula encoding an undesirable
property.

pathk(u0; : : : ; uk) - a propositional formula encoding all the
special k-paths.

� = pathk(u0; : : : ; uk) ^
k_

i =0

udp(ui )

The property is reachable ( ) � is satis�ab le.
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Checking unreac hability - an intuition

To prove unreachability of states satisfying udp(u):

Search for a longest path from an arbitrary state via
states satisfying : udp(u) to a state satisfying udp(u)

if such a path � exists, then

a path from the initial state to a state satisfying
udp(u) cannot be longer than � ,

therefore it is suf�cient to test reachability only for
k = length(� )
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Free special k-paths

A free special k-path is a �nite sequence � = hu0; � � � ; uk i
of states of DM (A) such that

ui � ! ui +1 for each 0 � i < k,

the transition u0 � ! u1 is a time transition,

each time transition is followed by an action transition,

each action transition is followed by a time transition.
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Searching for the long est witness

Find the length of a longest free special k-path � s.t.:

the last transition of � is an action transition

the undesirable property is true in the last state and
false in all the previous states of �

f r eepathk(u0; : : : ; uk) - a propositional formula encoding all
the free special k-paths.

Check satis�ability of � :

� = f r eepathk(u0; : : : ; uk) ^ udp(uk) ^
k� 1^

i =0

: udp(ui )
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Checking unreac hability

� = f reepathk(u0; : : : ; uk) ^ udp(uk) ^
k� 1^

i =0

: udp(ui )

If � is unsatis�ab le for some k0 2 f 2; 4; 6; � � �g, to prove
unreachability of udp(u), it is suf�cient to verify satis�ability
of the formula

� = pathk(u0; : : : ; uk) ^
k_

i =0

udp(ui )

only for k = k0 � 2.
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Experimental results

Net 5a Net 5b Net 5c

states edges states edges states edges

obtained by TPN - speci®c methods

Tina SCG 18 26 34 58 50 76

Tina SSCG 21 29 39 63 60 93

Tina SASCG 36 61 62 163 80 204

implem. of [YR98] atomic 53 95 64 179 168 363

implem. of [YR98] geometric 16 25 32 57 105 170

obtained by TPN to TA translations

Kronos bis. dense 51 77 134 229 185 321

Kronos forw-ai-ax 37 42 37 42 26 40

VerICS bis. dense 54 80 135 230 186 323

VerICS bis. discr . 26 47 46 135 80 204

VerICS ps- discr . 21 34 13 22 53 121

Abstract models for nets of [YR98] by some diff erent tools
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Experimental results - cont' d

noP states edges noP states edges

obtained by TPN - speci®c methods

Tina SASCG 9 81035 280170 7 73600 200704

Tina SCG 9 81035 280170 7 73600 200704

Tina SSCG 9 81035 280170 7 73600 200704

implem. of [YR98] atomic not suppor ted not suppor ted

implem. of [YR98] geometric not suppor ted not suppor ted

obtained by TPN ! TA translations

Kronos bis. dense 5 807 1590 4 1008 1856

Kronos forw-ai-ax 5 33451 62223 4 12850 27848

VerICS bis. dense 3 77 108 3 200 312

VerICS bis. discr . 3 65 96 3 152 240

VerICS ps- discr . 3 65 96 3 152 204

Abstract models for Fisc her' s protocol by some diff erent tools
parameter s: � = 1, � = 2 or � = 2, � = 1 , max. 128 MB RAM and max. 1800 s
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Experimental results - cont' d

TPN to TA TA

NoP vars clauses sec MB vars clauses sec MB

8 61530 176319 10890.1 61.31 36461 103228 2326.3 34.5

8 22552 64442 8.0 21.9 13357 37666 0.7 20.5

10 29918 86002 14.5 23.5 17283 49034 1.1 20.2

50 378203 1118763 99.7 100.5 156941 459722 21.8 31.7

104 1411156 4200809 1397.6 577.9 528136 1562194 218.8 75.9

310 - - - - 3873940 11557290 21723.6 648.3

BMC of VerICS for Fisc her' s protocol modelled by TPN and TA
parameter s: � = 1, � = 2 (k=44) or � = 2, � = 1 (k=17)
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Conc lusions

Combine net- and automata- speci�c veri�cation
methods,

Exploit concurrency: reductions within SAT-solvers,

Unbounded model checking for verifying unreachability
and TCTL ,

Combine SAT-based and BDD-based methods.
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