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Abstract

A weakly stationary process with summable partial autocorrelations
is proved to have one-sided autoregressive and moving average represen-
tations. Sums of autocorrelations and alternating autocorrelations are
expressed as products of simple rational functions of partial autocorrela-
tions. A general bound for sums of squared autocorrelations in terms of
partial autocorrelations is also obtained.
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1 Introduction

Let (X;)iez be a complex-valued weakly stationary process such that EX; = 0
and || X;]|* := E|X;|2 = 1. Denote by (pr)rez its autocorrelation function
(ACF): pi—; = Cov(X;, X;) = E(X; X;), where X is the complex conjugate of
X;. Moreover, (ax)ken will stand for partial autocorrelation function (PACF)
(Durbin, 1960). It is well known that there is a one-to-one correspondence
between the ACF and the PACF and, furthermore, (cf. e.g. Ramsey, 1974)
parameterization of the process in terms of (ay)ren is unconstrained, i.e., the
sole condition on ay, is |ag| < 1 and otherwise oy, are free to vary indpendently of
one another. Thus it seems natural to investigate classes of processes defined in
terms of PACF and to study existing interrelations between asymptotic behavior
of (ay) and (p) (see e.g. Inoue, 2002). Such study is particularly fruitful in the
Gaussian case when ACF and PACF determine the distribution of the process.
Then it can be shown (see e.g. Cover and Thomas, 1991, Chapters 2 and 9) that
Shannon mutual information between X; and X,, equals I(X7; X,,) = — log(1 —
|pn_1|?) whereas conditional mutual information between X; and X, given
(X)) is T( X5 X (X)P25) = —log(1—|a,—1]?). Hence, (cf. Debowski, 2005)
finiteness of entropy rate or excess entropy, discussed e.g. by Crutchfield and
Feldman (2003), can be simply expressed in terms of asymptotics of PACF.
Simultaneously excess entropy, defined as mutual information between the past
and future of the process, is logarithm of generalized variance (McLeod, 1998)
researched in fact already by Grenander and Szego (1958).

In the present note we study some properties of processes with absolutely
summable partial autocorrelations. This condition, close to the requirement of
finite excess entropy (cf. Debowski, 2005), can be viewed as a formal analogue of
short-range dependence defined as an absolute summability of ACF. We show
in the main result that all such processes have one-sided autoregressive and
moving average representations. In particular, it follows that they are purely
nondeterministic, i.e., a singular part in the Wold decomposition (Wold, 1938)
is null. Moreover, for a real-valued process sums of autocorrelations and alter-
nating autocorrelations turn out to be products of simple rational functions of

(ak)ken, namely
oo

) o 1+ (£1)Fay
Z (£1)%pr = H m- (1)
k=—0o0 k=1
The main result provides also a new bound on partial sums of squared auto-
correlations in terms of (ay)ren which holds for all weakly stationary processes
(cf. inequality (19)).

Formula (1) and |pg| < 1 entail the following counterintuitive property:

If (+1)",, > 0 for all n € N and (£1)"ay, > a > 0 holds for at least

N
N distinct n then (£1)¥p;, > 0 for at least (ifg) distinct k € N.

Figure 1 illustrates this property. For a sequence of autoregressive AR(N) such

that the pertaining PACF satisfies a%N) >a for all 1 < n < N, equality (1)

implies that > p,(cN) > ((14+a)/(1 —a))V, which grows exponentially as
a function of N. We conjecture that the set of lags for which ACF exceeds a

certain positive value grows exponentially with the growing support of PACF.



The paper is organised as follows. In Section 2 we discuss some preliminary
facts on linear prediction based on finite and infinite past of the process and
state in Theorem 2 a simple result on invertibility. In Section 3 we prove some
new results concerning behavior of coefficients of finite predictors. In particular
¢! distance between vectors of predictors’ coefficients corresponding to blocks of
different length is bounded in terms of PACF. In Section 4 we state and prove
the main result.

2 Preliminaries

Let @™ be the best linear predictor of X}, based on of X,,, X;41, ..., Xy, and let
dnj satisfy @37 =77 | ¢njXny1-j. We refer to Pourahmadi (2001, Chapter
7) for a discussion of properties of linear predictors. Partial autocorrelation a,
at lag n is defined as Corr(X, 11 — ®Z7, X1 — ®¥™). Set ¢po = —1 and ¢,,; = 0
for j > n. The Durbin-Levinson (Durbin, 1960) recursion states that

Pnj = Pn—1,j — by ;- (2)

Define innovations Y,™" := X}, — ®J*" and Z} := Y;D"'H:p_l/ ||Y;D"+1:p_1”
being standardized innovations pertaining to the projection of X, on a lin-
ear subspace spanned by {Xn41,Xn42,...,X,-1}. By ||Xz||2 = 1 we have

HYnlJ:ran2 =I[}= (1 — |ey[*) and in view of (2) we obtain

n
—n:p—1
Ypp P = - E (bnkprk
k=0

and

Z5 N =N Xk (3)
k=0

where T, = —¢ur/ [[j=) /1 — |oy]?.
Moreover, it is easily seen that we have the following representation of (X;)
in terms of innovations

Xp =Y tarZl 7, (4)
k=0
where

1, k=0,

1

Yk Tno { 2521 TnjUn—ji—j, ke€{l,..,n}. 5)

It is an important problem of linear time series to establish conditions under
which one is allowed to take n — oo in (3) and (4) in order to get AR(oc0)
and MA(oo) representations of the underlying process. For any weakly sta-
tionary process (X;)iez, we have lim, o ®,7?~1 = & P~1 in £? where
@ >P~1 are the best linear predictors of X, in terms of (X,)n<, (Pourah-
madi, 2001, Section 7.6). If the process is nondeterministic, i.e., Ypfo‘“p’1 =
Xp—®, %=1 js not equivalent to the null process, then a standard white noise

Zy =Yool HYP*OO:Z’*H is well defined.



Theorem 1 (Pourahmadi, 2001; Dégerine, 1982) If process (X;)icz

is nondeterministic then lim,_ oo Zf" = Z;, lim, ooV = Yi, and
limy, oo Tnie = 7k, where Yy = Cov(Z_k, X)) and 7 are given by condi-
tion

k
1, k=0,
S s — { ©
=~ 0, k>0

Define ¢, = mnr = 0 for k& > n. Process (X;);ez is purely nondeterministic,
i.e., Xl = Z;O:O "/)kZlfk, if and only if hmnaoo Z;O:O |1/)k — "/’nk|2 =0 (Pourah—
madi, 2001, Section 7.6). One can state a similar sufficient condition for (X;)icz
to have the autoregressive representation, i.e., Z; := lim,, 22:0 TnkXl—F =
35 m Ko

Proposition 1 Let (X;)icz be a weakly stationary process. If >3 o |Tni| < 00
for alln and (my,) is such that im, oo Yoo o [T — 7| = 0 then Y-~ |mk| < oo
and Z;O:O ﬂle,k = hmn*,oo ZI?;O Wnlefk'

Proof: The convergence follows from the inequality |33 (T — k) Xi—k|| <
|1 Xa]l >reo |Tnk — mk| and completeness of ¢*. O

Equality (6) defines 7, given 9 and conversely. In fact, (6) is a necessary
condition that Z; = Y77 m X;— and X; = 317 ¥ Zi—, hold simultaneously.
Indeed it can be shown that if X,, = 3", ¥xZn—k and Z, = Yoo ThXn—k in
L£? for some white noise (Z;);cz then coefficients v, and 7, satisfy equality (6)
if and ounly if Z,, = Z,, for all n.

The following result, which seems to have not been stated elsewhere, es-
tablishes sufficient conditions under which X; = Ziio YpZi—k given Z; =
Z;O:O Tk Xi—k, when (Z;);ez is not necessarily a white noise process.

Theorem 2 Assume that ¢y and m, satisfy conditions Y, o|k] < oo,
Yoreolml < oo, and (6). Let (X;)icz be a weakly stationary process,
Y, = ZZO:O T Xn_k, and X, := Z;o:o Ve Yn_k. Then X, = X,,.

Proof: Fix some M > 0. By (6) we obtain

2M 2M

Xo =Y emi Xn b1l irj<onys
k=0 j=0

where 1.y denotes the indicator function. Thus for N > 2M,

M N N M
Xn— Z"/’k ZWanfkfj =- Z Z¢k7ran7kfj1{k+j>2]M}
k=0  j=0

j=M+1k=0
M 2M
YD ki Xnk 1 s<onsy-
§=0 k=M+1
Hence
2 2
M N 0o 0 M M
Xo = k> mXnong|| <D Il Do el =D 1wl D 1ewl] (Xl
k=0  j=0 §=0 k=0 j=0 k=0



Consequently,

M N
lim sup || X, — P i Xn—k—il| =0. 7
M—oo N>o2Mm 1;) k; ’ I )

As Y07 k| < oo series Yy, = 3707 mp X p—k converges and (V;)iez is weakly
stationary (cf. Brockwell and Davis, 1987, Proposition 3.1.1). Since

M N M N
Zwk Yn—k - Zﬂ.an—k—j < Z |1/]k| Yn - Zﬂ.an—j
k=0 j=0 k=0 7=0
we have
_ M N _ M
HXn - Xn < Xn - Zwk Zﬂ.an—k—j + Xn - Zwkyn—k
k=0 j=0 k=0

M N
+ >kl || Yo = D X
k=0 7=0

Taking limas—oo SUPy~op; Of the right hand side, in view of (7) we obtain
% - %a|| = 0. O

To relate the asymptotics of 1, and 7, we need the following extension of
Theorem 3.1.1 in Brockwell and Davis (1987):

Proposition 2 For ¢y, and m, satisfying (6), define ¢(2) := > oo ¥rz" and
m(z) ==Y pe o mk2®. Assume that w(z) converges for |z| <1 and w(z) # 0 for
all |z| < 1.

(i) If w(z) converges for |z| < r where r > 1 then > = |vx| < co and
P(z) = 1/7(2) for |z| <r" with some " € (1,r).

(i1) If w(2) is continuous for |z| < 1 then 1/w(z) is continuous for |z| < 1,
Yo |Uk]? < oo, and ¢(z) = 1/7(2) for all z with |z| <1 and almost all
z with |z| = 1.

Proof:

(i) We choose a > 0 and 7" € (1,7) such that |7(z)| > a for |z| < . Hence
1/7m(z) is analytic for |z| < r”. By Abel’s theorem, 1/7(z) = (z). Series
¥(z) converges for |z| < r” and thus Y7 [¢x| < co.

(i) We have 9(z) = 1/m(z) for |z| < 1 since 7(z) is analytic there. Since
|7(2)] > a for |z] < 1 and some positive a, 1/7(z) is continuous and
7 l(re)|Pdw < 2wa=? for all r < 1. From this it follows that
ZEOZO'WJHQ < oo and lim,—,;_ ¥(re®™) = ¢(e™) = lim,—;_ 1/7(re™) =
1/m(e*) for almost all w (Grenander and Szegd, 1958, Sections 1.1, 1.13).



Proposition 3 For a standard nondeterministic process (X;)icz, let process
(Zi)icz and coefficients 1y, be those appearing in Theorem 1. The following
conditions are equivalent:

(i) X1 =2 1o YrZi—,
(ii) pr = 32520 Vi for k>0,
(iii) px = (2m) =" [T Jip(e) P duw.
Proof: Condition (i) implies (ii) even when Z;io |¢j| = oo (for summable

¥y see Brockwell and Davis, 1987, Proposition 3.1.2). To modify the proof
by Brockwell and Davis, notice that X; = ZfLO VkZi—k + 2 pe Nt Uk Zi—ks

whence we obtain ‘Pk — Z;V:O W 2 < Z;‘;N“ |¥;]? via Schwarz inequal-
ity. Under square summability of ¢y, Grenander and Szegé (1958, Sections
1.13, 1.14) proved that (ii) implies (iii). Finally, observe the following. If
X1 = Y o¥rZi—k + Vi where ||Vi]| > 0 then (Z;)icz and (V;)icz are un-
correlated by Wold decomposition. It follows that py = || X;|° > oo [kl =
2m)~' [T [¢(e™)|?dw. Hence, (iii) implies (i). O

By the Durbin-Levinson recursion, Theorem 1, and Proposition 3, for purely
nondeterministic processes, sequences (a)ken, (Tk)ken, (Vr)ken, and (pk)ken
determine each another.

3 Auxiliary results on finite predictiors

This section contains new results on coefficients ¢,;. They are used to prove
the main result but may be interesting in their own right. No conditions are
imposed besides weak stationarity of the process. In the first proposition we
upper-bound |¢,;| by the absolute values of the coefficients obtained when «,,
in the Durbin-Levinson recursion is replaced by —|a,|.

Proposition 4 Define qbﬁj by substituting qbﬁj for ¢n; and —|ay| for an, in
formula (2). Then for n € N and j € {0,1,...,n}

P <0, (8)
|¢;3+1,j| > |¢7?,j|a 9)
> el =TT+ lex)), (10)
j=0 k=1

|ni| < loms 1, (11)

where the product over empty set of indices is defined as 1.

Proof: We proceed by induction on n. As ¢i40 = ¢640 = ¢go = —1 it is im-
mediate that (8)—(11) hold for n = 0. Assume that (8)—(11) are valid for
n =m—1. In view of (2) ¢, = i + |om|dp 1y for j < m and

m—1,j
A = —|am|. As ¢$711j,¢ﬁ717m7j <0 by (8) forn =m — 1, (8) and (9) fol-
low for n = m. Equality (10) follows from 377", G = (1+]am) Z;n:_ol AL

and the inductive assumption. Finally, if (11) holds for n = m — 1 then
|6mil < lbm—1,5 + lam|dm—1,m—j] < dm_1 ;| + lmlldp_1,m—;] = ;|- O



Note that in view of (10) sums Y7 |¢n;| grow exponentially for some nonde-
terministic processes, e.g., in the case when |ax| > a for all k£ and some positive
a. However, if [T2; (14 |ax]) < oo then (¢n.)nen converges in £1.

Theorem 3 Let ¢,; :=0 for j > n. If m > n then

D lbmi = gl < TT A+ lanl) = H (14 [o]) - (12)
=0 h=

k=1
Proof: Recursion (2) together with (10) and (11) imply

m
Z |pms — Gm—1,5] < [aml] Z |[Pm—1,i| < lovm| H (1 + [o|)
=0

7=0

IT @+ Jaxl) - H (14 Jowl) -
k=1 k=1

Using repeatedly the triangle inequality we obtain (12). O

In contrast to a similar Baxter inequality (Baxter, 1962) which stipulates some
conditions on spectral density, relation (12) holds for all weakly stationary pro-
cesses.

Define polynomials m,(z) 1= Y_j_o mni2® and 7, (2) = 2"[m,(1/2%)]*, z € C
(Grenander and Szegd, 1958). Recursion (2) is equivalent to mo(z) = To(z) =1

and

m(2) | Tn—1(2) _ 1 1 —u*

e Rl P R o I

Theorem 4 We have

[T () = |7 (2)* = T ()] — |Z|2|7Tn—1(2’)|2a (13)

[T () = |7 (2)° + (1 = [2) Z AP =1-12 (149)
k=0

Proof: Let [a,b]T := L(u)[c,d]” with 27 denoting the transpose of x and

observe that |c|?> — |d|? is an invariant of Lorentz transformation L(u): |a|? —
|b|> = |¢|*> — |d|>. Hence (13) follows. In order to prove (14) first note that
70(2) = 7o(z) = 1. Writing (13) for n = k: |mx(2)]? — |mk—1(2)]? = |7 (2)]? —
|2|?|7k—1(2)|? and summing the equality from k& = 1 to k = n, we obtain (14).
(]

Inequality (14) implies that polynomials m,(z) and ¢n(2) == > p_o durz” =
—mn(2)/mno do not have zeros for |z] < 1. A more involved proof of the lat-
ter fact, making use of spectral properties of (X;);cz was given by Grenander
and Szegd (1958, Section 2.3(a)). The idea of using the invariant of Lorentz
transform seems to be new.

Theorem 5 We have

n

H D¥ay)  if ax € R for k < n; (15)

=

=1
n(2) € [TT = lexl), [T A +lax)| for |zl <1. (16)
= k=1

k=1



Proof: If a4 is real for k < n then ¢, (+1) = (1 — (£1)"ay) ¢n—1(£1). Hence
we have (15).
Observe that for |z] =1 and A € C we have

(1~ lan]) - [A] < [A = [z A" < (1 + |an]) - |A]. (17)

Formula (17) implies (16) for |z| = 1 since ¢, (2) = dn—1(2) — [anz " dn_1(2)]*.
By the maximum principle for ¢, (z) (Rudin, 1974, Section 12.1), we also have
|pn (2)] < TThey (14 |ag]) for |z] < 1. If [T;_, (1 — |ag|) = O then the second
inequality in (16) is trivial. Otherwise, by Theorem 4, ¢,,(z) # 0 holds not only
for |z| = 1 but also for |z| < 1. Thus we obtain |¢,(2)| > [Ti_; (1 — |ax]|) for
|z| <1 using the maximum principle for 1/¢,(z). O

4 The main result

Theorem 6 Let (X;)icz be a standard weakly stationary process such that
v lak| < 0o and |ag| < 1 for all k. Then:

(i) Z1 = oo ™Xi—k and X; = > po o Uk Zi—k for (Z;)icz being the standard
white noise pertaining to Wold decomposition.

(ii) For |z| <1 series m(z) = poy 2" satisfies

i > |ak 1—+|ak
> fm e € | T 5 e 1Ty 1

k=0 k=

(iit) Series ¥(z) = > poo¥rz" satisfies (z) = 1/m(2) for all z with |z| < 1

and almost all z with |z| = 1.

(18)

(tv) For n € N we have

S k<] (ﬁ"“’“')Q. (19)

k=——n k=1 o]

(v) If o, € R for all k then (1) holds and moreover

H e (20)

af

The left hand side of (1) stems from the moving average representation
while the right hand side pertains to the autoregressive representation. Note
that Yo, (£1)*py appearing in (1) equals the value of the spectral density at 0
or m depending on the considered sign of +1. Since p,, considered as a function
of (ak)ken is a polynomial of aq,...,a,, inequality (19) holds in fact for all
weakly-stationary processes. Nevertheless, it is an open problem to extend (1)
to some classes of processes with absolutely insummable PACF.

Proof of Theorem 6: It is convenient to split the proof of (v) into two parts
appended to the proofs of other parts of the theorem. Namely, we prove (20)
while proving (ii) and we justify (1) when proving (iv). We also insert the proof
of the second part of (i) into the proof of (iv).



(i)

(i)

O

Since Yy, |aw| < oo, we have []p2; (1+ |ax|) < oo. By Theorem 3,
(¢n-)nen is a Cauchy sequence in £*. Thus limits ¢y := lim,, o @ni exist
and satisfy limy, oo D peg [Pnk — dk| = 0. We have m,(2) = —mpodn(2)
and lim,, oo Mo = mg = H;il[l — | |]71/2 € (0,00). Hence the process
is nondeterministic and (m,.)nen is also a Cauchy sequence in ¢!. By
Proposition 1 and Theorem 1, 7Z; = ZZOZO mpX;—k and thus the first part
of (i) is proved.

Since (¢n.)nen is a Cauchy sequence in ¢!, ¢, (z) converge uniformly to
¢(z) for |z| < 1, where ¢(2) = > oo, drz". Therefore, properties (16)
and (15) apply to ¢(z) if we substitute ¢(z) for ¢,(z) and [[;o, for
[1,_,- Since 7(z) = —mo¢p(z) then (18) and (20) for 7(z) follow from
(16) and (15) respectively. Formula (18) for Y7 , |m| follows from (10)—
(11), >-p2 o Imk| > |7(0)], and (18) for 7(z).

Because 7, (z) converge uniformly to w(z), 7(2) is continuous for |z| < 1.
By formula (18), there exists a > 0 such that |7(z)| > a for all |z] <1 so
we obtain (iii) from Proposition 2.(ii).

Observe first that if (XZ-("))Z-GZ is an autoregressive process AR(n) with
i (2) = mn(2) then (™) (2) = i (2) converges for |z| < co. By Propo-
sition 2.(1), 3252, [¥{™| < oo so, by Theorem 2, X = 37 '™ z(™)
(this also follows from Theorem 3.1.1 by Brockwell and Davis, 1987).

In order to use this observation, note that (3) implies that the spectral
density of (Xi("))iez equals [1/m,(e™)]? and its ACF and PACF values
coincide with pr and ai for 0 < k < n. By Proposition 3 applied to
(X" iez,

1 [

=g | [/ma(e)Petdo for 0 <k <n. (1)
m

—T

Functions 1/7,(z) converge uniformly to 1/7(z) for |z| < 1since |7(2)| > a
for |z| < 1. Hence (21) implies pr = (2m)~' [T |¢h(e™)[?e** dw for all
k > 0. By Proposition 3, X; = 220:0 Y1211 and thus the second part of
(i) is proved.

By the Riesz-Fischer theorem and the Parseval identity, we have

D oo lok|? = (2m) 71 [T ()| dw and 3TE _ pre” " = [(e™) .
Thus formulae (20) (proved above) and (18) imply (1) and

[e’e] 1 T ) B [e%e} 1+|Oék|)2

2 iw 4

= — (e dw < . 22
Z [Pl 27r/7r| ()] _]]-:-[1(1|04k| (22)

k=—o0 -

Applying (22) to (X i("))iez defined above and noting that its PACF equals
0 for lags greater than n we get (19).
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Figure 1: The plot of |pk| for a,, = 0.5 if n < N and «,, = 0 otherwise.
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