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Abstract: The paper presents a concept of a new class of algorithms for discovery of Bayesian networks from data. The basic difficulty of many incremental discovery algorithms in this area is the increasing number of potentially equivalent orientations of edges while an improper choice at the given stage may have dramatic impact on the final network structure. As a remedy, usage of so-called partially oriented graphs at intermediate stages is recommended for which the property of partial dependency separation has been proven. Such partially oriented graphs may maintain in a single structure all  equivalent consistent Bayesian networks.  
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Introduction

Currently, Bayesian networks (Pearl, 1988) appear to be quite a popular method of representation of uncertain knowledge.  They can represent concisely a joint multivariate discrete probability distribution exploiting properties of conditional independence. A Bayesian network is an acyclic directed graph (dag) nodes of which are labeled with variables and conditional probability tables of the node variable given its parents in the graph. 

The joint probability distribution is then expressed by the formula: 

P(x1,……….,xn)= Пi=1…n P(xi |п(xi))

where  п(xi) is the set of parents of the variable (node) xi.

E.g. in  Fig.1 we have:

P(a,b,c,d,e,f)= P(a)  P(b|a) P(c|a) P(d|b,c) P(e|b,c) P(f|e)
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Fig.1.   Bayesian network


Fig.2.   Partially oriented graph 



On the one hand, Bayesian networks allow for efficient reasoning, and on the other they contain information on conditional independences among variables. Geiger, Verma and Pearl (1990)  demonstrated that the so-called d-separation property in a dag implies conditional statistical independence, and missing d-separation (except for a set of networks with zero measure, that means highly improbable ones) implies missing conditional independence. Beside this, if edges of a network reflect causal relationships among variables, then the network is minimal. This last property suggests that the Bayesian network can be reconstructed if at least part of conditional independence properties is known. 

Detailed methods of discovery of Bayesian networks from data based on this suggestion have been elaborated in the past. Among them are the algorithms by Spirtes, Glymour and Scheines (1993): SGS, PC, PC+, CI and FCI. 

However, it is general statistical knowledge that one has to be careful about when drawing causal conclusions from statistical analysis. This is in particular valid for Bayesian networks. Bayesian networks, while representing conditional independence, are not uniquely determined by the relation of conditional and marginal dependence and independence. For example in dags in Fig.3 and 4 relations of d-separation are identical in spite of the fact that in Fig.4 the edge (X2,X1) has different orientation from that in Fig.3. 

This behavior not only implies impossibility of complete determination of edge orientations in the final dag that is we usually cannot recover the intrinsic “causal” dag because statistical tests would be insufficient to identify causal relations. It also has consequences for the construction of Bayesian networks from data (network discovery) especially if the discovery process is an incremental one. Not only in the final product, but also in intermediate stage networks of the discovery process there exist many equivalent possibilities of edge orientations. A “wrong” choice at an intermediate stage may prevent from finding a minimal network for the data. This is particularly true for algorithms based on the measures of distances between the Bayesian network and the empirical distribution, e.g. the algorithms K2 of Cooper/Herskovits (1992), Lam/Bacchus (1994), Acid/Lopez (1996), Urban/Kaempke (1999) and other. 
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Fig.3. Bayesian network


Fig.4. Bayesian network



Under these circumstances a common practice is to assume the knowledge of the ordering of nodes compatible with the intrinsic Bayesian network (Acid & Lopez, 1996, Cooper & Herskovits, 1992). Though sequencing of events related to many variables e.g. in a time sequence is frequently possible, the complete ordering may prove a too strong requirement. 

In this research we considered the possibility of overcoming the need for a total node ordering. We propose basing of the algorithms on the concept of partial dependency separation (p-d-separation).  P-d-separation allows maintaining in a single structure many alternative orientations of edges of a Bayesian network. 

P-d-separation 

The notion of  p-d-separation has been originally introduced while seeking for an alternative proof of the Conjecture of Spirtes, Glymour and Scheines (1990) concerning the possibility of reconstruction of the global Bayesian network structure from local conditional independence tests (Kłopotek, 1998, Klopotek 1999).  The correctness of this Conjecture implies the correctness of the SGS algorithm for Bayesian network discovery (and derivatives like PC, PC*). The “pog-from-data” algorithm together with the “pog-to-dag” algorithm recalled below is a result of this research  (The “pog-from-data” algorithm may be viewed as a version of the PC algorithm). 

The SGS algorithm was of particular interest for us because at intermediate stages and in the final product part of the edges is oriented and the other are not. Let us call a graph with some edges oriented and some not  a partially oriented graph, pog. (See  Fig. 2).  

Definition: A partially oriented graph (pog) is a graph with some edges oriented and some not, such that the oriented subgraph is a directed acyclic graph. 

Note that a dag is a special case of a pog. 

Geiger et al (1990) introduced d-separation to describe dag properties  where "isolating" (d-separating) nodes in a dag implies statistical independence. P-d-separation has been introduced for the very same reason in partially oriented graphs. The concept of p-d-separation is an extension of the d-separation onto the pogs. This concept and the auxiliary ones defined below are designed so that their definitions coincide with those for dags in case that a pog is in fact a dag. So p-d-separation in a dag is a d-separation, an active p-trail in a dag is an active trail in a dag, p-descendant in a dag is a descendant in a dag  etc. 

After (Kłopotek, 1998) let us introduce the concept of p-d-separation. We need several auxiliary concepts  defined below to introduce p-d-separation. Intuitively, a p-d-separation between two nodes is achieved if all p-trails between them are not active.

Definition: A p-trail in a pog is a sequence of links that form a path in the underlying  undirected graph. A node b is called a head-to-head node with respect to a p-trail t if there are two consecutive links a(b and  b(c on that t. A p-trail is minimal iff no two of its  succeeding links on the p-trail are bridged in the graph. (A bridge of two links is a link connecting the beginning of the first with the end of the second one.). 

A p-tral is not active among others when its head-to-head nodes are not blocked at their p-descendants. We need hence the following definition:

Definition: A p-descendent of a node n in a pog is any node m such that there exists a minimal p-trail from n to m such that every oriented link on the p-trail is oriented from n to m and an oriented edge (m,n) does not exist in the graph.

We can define now what an active p-trail is.

Definition: A p-trail t connecting nodes a and b is said to be active given a set of nodes L, if 

(1) every head-to-head-node wrt t either is or has  a p-descendent in L and 

(2) every other node on t is outside L. 

Otherwise t is said to be blocked} (given L).

We are ready now to say what we precisely mean by p-d-separation:

Definition: If J,K and L are three disjoint sets of nodes in a pog H, then L is said to p-d-separate  J from K, denoted I(J,K | L)_H,  iff no minimal p-trail between a node in J and a node in K is active given L.

For example in Fig. 4  nodes {X2,X3} p-d-separate node X1 from X4. 

The following theorem defines an important property of p-d-separation on simplification  of p-d-separation testing:

Theorem:  Let L be a set of nodes in a pog H, and let a,b ( L be two additional nodes in H. Then a and b are connected via an active p-trail  (given L) iff  a and b are connected via a simple (i.e. not possessing cycles in the underlying undirected graph) active p-trail (given L). 

The above concepts allow us to formulate the following algorithm for reconstruction of pog structure from data. 

“pog-from-data-algorithm”

Let SV be a given set of variables

Let H become a complete unoriented graph over SV.

1. Initialize the variable k:=0 indicating the maximum number of conditioning variables in the steps below:. 

2. For each pair of nodes X,Y ( SV, connected in H by an egde and possessing more than k neighbors each let us check if for any subset of neighbors of X with cardinality exactly k, the variables X,Y are conditionally independent.  If so, let us save this set as SS(X,Y) and let us remove the link (X,Y) from  H.

3. k:=k+1. If there exists a pair of nodes X,Y ( SV, connected in H with an edge and having in H more than k neighbors each, go to step 2. Otherwise go to step 4. 

4. For each three variables X,Y,Z ( SV, such that in  H there exist edges (X,Y) and  (Y,Z), but not (X,Z) and  SS(X,Z) does not contain Y, orient edges resp. from X to Y and from  Z to Y.

5. For each three variables X,Y,Z ( SV,  such that in H there exist edges (X,Y) and (Y,Z), but not (X,Z), the edge  (X,Y)  is oriented from X to Y, and edge (Y,Z) is not oriented, orient (Y,Z) from Y to Z.

6. For each unoriented edge (X,Y) in H, if there exists in H a path from X to Y consisting of oriented edges each of them pointing from X towards Y, then orient edge (X,Y) from  X to Y

7. For each four variables X,Y,Z,T ( SV, for which in H edges  {X,Y}, {Z,Y} are  oriented head-to-head (towards Y) and there is no edge (X,Z) in  H and both edges {X,T}, {Y,T} or both edges {Z,T},  {Y,T}, or all edges {X,T}, {Z,T}, {Y,T} are unoriented, orient edge {Y,T}  from  T to Y.

8. If steps  5, 6, or 7 managed to orient at least one previously unoriented edge, go to step 5. Otherwise THE END 

Let’s formulate an algorithm deriving all dags based on a pog. First let us introduce the notion of legitimate removal of a node from pog.  

Definition: A node can be removed legitimately from a pog  iff all the oriented edges it meets are oriented towards it, and all pairs of edges meeting at it for which at least one is unoriented are bridged.

Pog-to-dag algorithm 

1. Find  a legitimately removable node in the pog, remove it with edges meeting it while marking the edges as oriented towards this node.

2. Proceed with Step.1 until all the nodes are removed.

3. Orient the edges of the original pog so as they were marked in step  1. THE END 

Notice that the algorithm is non-deterministic: At step 1 we can have several candidate legitimately removable nodes.  Selecting any of them may lead to different, though statistically equivalent dags.  We claim that:

Theorem Let pog G be obtained using the “pog-from-data-algorithm”. Then every dag obtained from the pog G by the above “pog-to-dag-algorithm” is a dag reflecting all d-separation properties of the data. For any dag reflecting all d-separation properties of the data there exists a derivation from G via the “pog-to-dag-algorithm”. 

Proof: (the general idea) On the one hand each dag has a legitimately removable node, on the other hand the derivations of  “pog-from-data-algorithm”.do not induce conflicts with d-separation principles (that is no edge orientations conflicting with preceding statistical tests are introduced). 

For example from the pog in Fig.2 one can derive three different Bayesian networks (dags) including those in Fig.3 and Fig.4. 

New class of algorithms

Undoubtedly the SGS-like algorithms have a strong theoretical foundation justifying their correctness. However the analysis of complexity of these algorithms carried our by Kłopotek (1998) pessimistically sees their potential speed. Therefore search for heuristic methods allowing to speed up the Bayesian network discovery process is highly advisable. 

We have already pointed at lowered efficiency of known heuristic incremental algorithms caused by explosion of equivalent structures of Bayesian networks that either have to be all maintained or arbitrarily chosen at risk of subsequent suboptimal (or even totally unoptimal) solutions. 

From the previous considerations on p-d-separation  we see that:

· Pog structure allows to save partial knowledge about Bayesian network without commitment to a particular Bayesian network

· The p-d-separation property implies equivalence of all compatible alternative derived dag structures and therefore any of them can be used to evaluate the distance between the pog and the empirical probability distribution.

These properties let us hope to restrict the combinatorial explosion on the one hand and to reuse the constructions of the existent constructions of known heuristic algorithms on the other hand. 

We propose the following framework algorithm exploiting p-d-separation to enhance known algorithms. Essentially it is a kind of metacode of algorithms like K2 or BENEDICT, where we can exploit the measures of agreement from those known algorithms, combined with the maintenance of the Bayesian network structure in form of a dag which is expanded into a proper dag whenever the agreement measure is to be calculated.  

Framework algorithm:  

1. Create an empty pog H (that is without edges) over the set of all variables SV. 

2.
For each still unconnected pair of nodes P,Q in H:

a)
add undirected edge between P and Q,

b)
apply steps 4-8 of the algorithm “pog-from-data” and then “pog-to-dag”

c) if no contradiction appeared (no cycles), then calculate the measure of agreement between the resulting dag and the real distribution. 

d) recall all changes implied by steps a)-c) in pog H

e) if P (Q) is entered by an edge {S,P} (edge (S,Q}) oriented towards P (towards Q) or  

unoriented and there exists no edge (Q,S) (no edge (P,S)) then 

· add edge (P,Q) and orient both edges (P,Q) and  (S,P) towards P ((P,Q) and (S,Q) towards Q)

· apply steps 4-8 of the algorithm “pog-from-data” and then “pog-to-dag”

· if no contradiction appeared (no cycles), then calculate the measure of agreement between the resulting dag and the real distribution. 

· recall all changes implied by step e) in pog H so far

3. Add to H the edge (unoriented or oriented with additional orientation of the other existing edge)for which no contradiction appeared and which gave the best  matching with the empirical distribution. 

4. If a new edge has been successfully added in step 3 and termination criteria are not met,  goto step 2, otherwise  THE END 
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Fig.5.  Partially oriented graph  (pog) first edge added


Fig.6.  Partially oriented graph  (pog) - second edge added



We have carried out initial experimental evaluation of the framework algorithm. Figures 5-12 illustrate a sample behavior  of a group of 6 variables. Starting with an empty graph, in Fig.5-7 edges with no orientation proved to be best choices when adding new edge. In Fig.8 we see that an oriented edge (X3(X2) met best the evaluation conditions. The edge X1-X2 has been at this step oriented as X1(X2. In Fig. 9 again an unoriented edge was added. This edge has been oriented as X4(X3 at the next stage that gave rise to the new oriented edge X5(X3. 

At this point the process of edge inserting has been aborted as the entropy did not increase significantly. The graph has been left with two unoriented edges (X1-X6 and X6-X5).  Now, using Pog-to-dag algorithm, the edges can be oriented in three different ways, two of them being shown in Figs 11,12.
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Fig.7.  Partially oriented graph  (pog) - next unoriented edge


Fig.8.  Partially oriented graph  (pog) - adding an oriented edge with changing an existent unoriented edge into oriented one
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Fig.9.  Partially oriented graph (pog)


Fig.10.  Partially oriented graph (pog)



Conclusion

The paper presented a new framework algorithm for construction of Bayesian networks from data allowing overcoming the requirement of apriorical knowledge of a compatible ordering of the variables. 

The new framework algorithm makes use of partially oriented graph structure and p-d-separation properties to reduce the number of alternative equivalent paths of incremental Bayesian network construction. This allows avoiding disadvantages of known algorithms. 

It should be however notified that this new algorithm does not avoid the pitfall of XOR dependencies which have to be treated separately as suggested by Xiang et al., (1997).
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Fig.11.  Possible Bayesian network  
Fig.12.   Possible Bayesian network 
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Można ocenić, że pojedynczy test niezależności warunkowej ma złożoność O(r) w liczbie rekordów r, a zależność od liczby zmiennych warunkujących(zwłaszcza małej liczby  zmiennych) jest pomijalna. Z kolei liczba tych testów w najgorszym przypadku wynosi n(n-1)2^{(n-2)} w zależności od liczby zmiennych n, co daje razem złożoność  O(n(n-1)2^{(n-2)}r). Jednakże w przypadku sieci o małej liczbie połączeń liczba ta jest zdecydowanie mniejsza i jeśli maksymalna liczba sąsiadów węzła wynosi s, to złożoność wynosi  O(n(n-1)r({n-2\choose 0}+ {n-2\choose 1}+\dots +{n-2\choose s-1}), ale 


w praktyce liczba testów jest zdecydowanie mniejsza. Kroki 4-8 odbywają się już tylko na strukturze grafowej i ich złożoność zależy od  liczby łuków l w otrzymanym pog H. Złożoność kroku 4 wynosi O(l(s-1)). Złożoność grupy kroków 5-8 jest ograniczona przez O(l^3s^2). 
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